LECTURE   1

Matrices. Operations over matrices.

Definition of a numerical matrix. Classification of matrices. 

A numerical matrix of dimension m ( n is a rectangular table of numbers consisting of «m» horizontal lines (rows) and «n» vertical lines (columns).
It has the following form:                                                
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The numbers 
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 (i = 1, 2,  …,  m;  j= 1, 2, …, n) are called elements of the matrix.
 The index «i» denotes the number of a matrix row, the index «j» – the number of a matrix column.  

In general, objects of an arbitrary nature can be elements of a matrix. 

Examples:   A(3; 2) = 
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If  n = 1, a matrix  А(m; 1) is called a column matrix (or a matrix-column).

It has the following form:
  А(m; 1) =  
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.  For example,   А(3;1) = 
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If m = 1, a matrix А(1; n) is called a row matrix (or a matrix-row). 

It has the following form: 
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For example,   
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If we replace all the rows by columns and vice versa in a matrix А(m; n) then the changed matrix is called the transposed matrix to the matrix А and it is denoted by 
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: 
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If m = n, then a matrix А(n; n) is called a square matrix of the n-th order. 
It has the following form:  А (n; n)  =
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In particular, for n = 2:   
   А(2; 2) =
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                      for  n = 3:       A(3; 3) =
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– square matrices of the second and  the third order respectively. 

The main diagonal of a square matrix A(n; n) is the diagonal consisting of the elements 
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A diagonal matrix is a square matrix D(n; n) of which all the elements non-lying on the main diagonal are equal to zero. 

It has the following form: 
D(n; n) = 
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An identity matrix is a diagonal matrix of which all the diagonal elements are equal to 1 (unity). 

It has the following form: 
E (n; n) = 
[image: image20.wmf]÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

è

æ

1

...

0

0

...

...

...

...

0

...

1

0

0

...

0

1

.

For example, E(2; 2) = 
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A zero matrix is a matrix of which all the elements are equal to zero. 

It has the following form: 
 0 =
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A symmetric matrix is a square matrix of which the elements located symmetrically according to the main diagonal are equal each other, i.e.
  а
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(i = 1, 2,…, n; k = 1, 2, …, n). 

It has the following form:
   С(n; n)  =
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In particular,  С(2; 2) = 
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Two matrices А(m; n) and B(m; n) of the same dimension are equal if all their corresponding elements are equal, i.e. 
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(i = 1, 2, …, m; k = 1, 2,…, n).

Matrices of different dimensions aren’t compared among themselves. 

Operations over matrices

Linear operations over matrices are addition, subtraction of matrices and multiplication of matrices on a number.  
a) Addition and subtraction of matrices are only defined for matrices of the same dimension, i.e. for matrices of the form:
А(m; n) =
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   and   В(m; n) = 
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The sum (difference) of two matrices is a matrix С(m; n) =  
[image: image32.wmf]÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

mn

m

m

n

n

c

c

c

c

c

c

c

c

c

...

...

...

...

...

...

...

2

1

2

22

21

1

12

11

 of which elements c
[image: image33.wmf]ik

 are equal to the sum (difference) of the corresponding elements 
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 EMBED Equation.3  [image: image38.wmf]ik
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 (i = 1, 2, …, m; k = 1, 2, …, n).  The sum (difference) of matrices is denoted by А
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В, i.e. С(m; n) = A(m; n) 
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B(m; n), or in a developed form:

C (m; n) = 
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 EMBED Equation.3  [image: image43.wmf]÷
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Thus, the sum (difference) of two matrices is determined elementwise. 

Example:  
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b) The product of a matrix А(m; n) on a number  
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 is the matrix obtained from the matrix А(m; n) by multiplying all its elements on (, i.e. the elements 
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 of the matrix B(m; n) are determined by the following formula:  
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 (i = 1, 2,…, m; k = 1, 2,…, n).

The product of a matrix А(m; n) on a number  ( is denoted by  (А. 

Thus: В(m; n) = ( ( A(m; n)  or in a developed form:
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Example:   5
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Multiplication of matrices

As against the operations of addition (subtraction) the operation of multiplication of a matrix on a matrix is determined by more complicated way.  

We can speak on product of rectangular matrices A and B only if the number of columns of the first matrix A is equal to the number of rows of the second matrix B, and the number of rows of the matrix А(В is equal to the number of rows of the matrix A, the number of columns of the matrix А(В is equal to the number of columns of the matrix В.

The rule of multiplication of matrices can be formulated as follows: to receive an element standing in the i-th row and the k-th column of the product of two matrices, it is necessary the elements of the i-th row of the first matrix multiply on the corresponding elements of the k-th column of the second matrix and add the obtained products. 

Let  А(m; n) = 
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Then  C(m; k) = A(m; n)(B(n; k) =
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Examples:
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The product of two matrices, generally speaking, depends on the order of multiplicands. It can even happen that the product of two matrices taken in one order will have sense, and the product of the same matrices taken in the opposite order will not have any sense.

Examples:
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The identity matrix Е doesn’t change any elements of a matrix A by multiplying on the matrix A (if this multiplication is possible), i.e. А( Е = А or Е ( А = А. If a matrix А is square and has the same dimension with Е then А ( Е = Е ( А = А.
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Glossary

matrix (plural – matrices) – матрица;    numerical – числовой; row – строка;  column – столбец
dimension – размерность; rectangular – прямоугольный;  element – элемент
transposed matrix – транспонированная матрица; square matrix – квадратная матрица
main diagonal – главная диагональ; diagonal matrix – диагональная матрица
identity matrix – единичная матрица; zero matrix – нулевая матрица
symmetric matrix – симметрическая матрица; addition – сложение;   subtraction – вычитание
to obtain – получать
Exercises for Seminar 1

1.1. Let 
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 Find C = 3A + 2B and D = 4B – 5A. 

1.2. Let  
[image: image85.wmf].
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Find AB and BA if possible.

1.3. Find A3 if 
[image: image86.wmf].
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1.4. Let 
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 Find AB and BA if possible.

1.5. Compute:  a) 
[image: image88.wmf];
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                   d)  
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  e) 
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1.6. Find the matrix X for which A + 2X = 3B if 
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1.7. Show that the matrix 
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÷

÷

ø

ö

ç

ç

ç

è

æ

-

=

4

1

0

3

1

2

0

1

1

A

 is a root of the following polynomial:

P(X) = X 3 – 6X 2 + 8X – 9. 

1.8. Multiply the following matrices: 
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1.9. Find the following matrices: a) 
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 is the matrix transposed to 
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1.11. Check that 
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Exercises for Homework 1

1.12. Find 2A + 5B and A – 3B if  
[image: image105.wmf].
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1.13. Find AB and BA (if possible), where 
[image: image106.wmf].
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1.14. Find 2A2 + 3A + 5E, where 
[image: image107.wmf]E
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 is the identity matrix of the third order.

1.15. Show that S = 3A – 2B is symmetric if 
[image: image108.wmf].
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1.16. Let 
[image: image109.wmf].
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 Find AB and BA if possible.

1.17. Compute:  a) 
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c) 
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1.18. Find the value of the polynomial P(X) of the matrix A:

a) 
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[image: image115.wmf].

3

)

(

;

3

0

1

1

3

1

1

1

3

3

X

X

X

P

A

-

=

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

-

-

-

-

=


_1097911505.unknown

_1309279293.unknown

_1330608390.unknown

_1407683534.unknown

_1451032078.unknown

_1451032198.unknown

_1451032279.unknown

_1530532676.unknown

_1530532869.unknown

_1451032305.unknown

_1451032223.unknown

_1451032108.unknown

_1451031834.unknown

_1451031909.unknown

_1407683657.unknown

_1333801933.unknown

_1333802012.unknown

_1333802056.unknown

_1333802004.unknown

_1331106514.unknown

_1331106600.unknown

_1331106601.unknown

_1331106571.unknown

_1331106599.unknown

_1331106562.unknown

_1331106499.unknown

_1331106507.unknown

_1331106489.unknown

_1309279454.unknown

_1309757540.unknown

_1309757625.unknown

_1328443880.unknown

_1328444184.unknown

_1328444266.unknown

_1328443691.unknown

_1309757608.unknown

_1309757314.unknown

_1309757518.unknown

_1309608136.unknown

_1309757226.unknown

_1309608127.unknown

_1309279408.unknown

_1309279412.unknown

_1309279301.unknown

_1097918385.unknown

_1152453225.unknown

_1309270695.unknown

_1309271600.unknown

_1309279227.unknown

_1309279239.unknown

_1309279217.unknown

_1309271701.unknown

_1309271359.unknown

_1309271485.unknown

_1309271250.unknown

_1250579537.unknown

_1309270241.unknown

_1152974410.unknown

_1152974651.unknown

_1097919198.unknown

_1097933087.unknown

_1102660899.unknown

_1102661146.unknown

_1097933290.unknown

_1097933330.unknown

_1097931281.unknown

_1097931906.unknown

_1097930307.unknown

_1097918729.unknown

_1097918944.unknown

_1097918893.unknown

_1097918630.unknown

_1097911886.unknown

_1097917657.unknown

_1097917841.unknown

_1097917804.unknown

_1097912139.unknown

_1097911570.unknown

_1097911580.unknown

_1097911513.unknown

_1097653134.unknown

_1097654299.unknown

_1097660484.unknown

_1097911144.unknown

_1097911217.unknown

_1097911410.unknown

_1097911416.unknown

_1097911403.unknown

_1097911195.unknown

_1097661533.unknown

_1097659906.unknown

_1097659963.unknown

_1097654314.unknown

_1097653320.unknown

_1097653608.unknown

_1097654113.unknown

_1097653514.unknown

_1097653234.unknown

_1097653281.unknown

_1097653173.unknown

_1097582217.unknown

_1097583486.unknown

_1097586012.unknown

_1097652907.unknown

_1097585959.unknown

_1097583012.unknown

_1097583438.unknown

_1097582707.unknown

_1097570535.unknown

_1097571372.unknown

_1097581865.unknown

_1097570576.unknown

_1097570462.unknown

_1097570502.unknown

_1097563876.unknown

